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Abstract
Recently [1, 2] it was proposed to explain the dynamical origin of the en-
tropy of a black hole by identifying its dynamical degrees of freedom with states
of quantum fields propagating in the black-hole’s interior. The present paper
contains the further development of this approach. The no-boundary proposal
(analogous to the Hartle-Hawking no-boundary proposal in quantum cosmology)
is put forward for defining the wave function of a black hole. This wave function
is a functional on the configuration space of physical fields (including the grav-
itational one) on the three-dimensional space with the Einstein-Rosen bridge
topology. It is shown that in the limit of small perturbations on the Kruskal
background geometry the no-boundary wave function coincides with the Hartle-
Hawking vacuum state. The invariant definition of inside and outside modes is
proposed. The density matrix describing the internal state of a black hole is
obtained by averaging over the outside modes. This density matrix is used to
define the entropy of a black hole, which is to be divergent. It is argued that the
quantum fluctuations of the horizon which are internally present in the proposed
formalism may give the necessary cut-off and provide a black hole with the finite
entropy.
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1. Introduction
According to the thermodynamical analogy in black hole physics, the entropy of a
black hole is defined as SH = AH/(4l2P), where A
H is the area of a black hole surface
and lP = m
−1
P = (h¯G/c
3 )1/2 is the Planck length [3, 4]. The Hawking discovery [5, 6]
of the black hole thermal radiation confirmed the status of thermal properties of a
black hole. Four laws of black hole physics formulated in [7] show that a black hole
can be considered as a thermodynamical system and the entropy of a black hole plays
essentially the same role as the entropy in the ’usual’ physics, e.g., it shows up to
which extent the energy contained in a black hole can be used to produce work. The
generalized second law (i.e. the statement that the sum S = SH + Sm of a black hole
entropy and the entropy Sm of the outside matter cannot decrease) implies that in
the case when a black hole is part of a thermodynamical system the thermodynamical
laws will be self-consistent only if the black hole entropy is considered on equal footing
with the entropy of the ’usual’ matter [3, 4, 8] (see also [9, 10, 11, 12] and references
therein). Gedanken experiment proposed by York [13] in which a black hole is located
inside a heated cavity gives a nice example showing that such parameters of a black
hole as a heat capacity and entropy have a well defined physical meaning.
The formal derivation of thermal properties of a black hole is usually performed in
the framework of the Euclidean approach initiated by Gibbons and Hawking [14, 15].
It implies the existence of the thermodynamical ensemble of black holes characterized
by the canonical partition function at finite temperature T = 1/β
Z(β) = Tr e−βHˆ , (1.1)
where Hˆ is the Hamiltonian of the full gravitational system. The known functional rep-
resentation of finite temperature field theory in terms of the Euclidean quantum theory,
directly extrapolated to quantum gravity, allows one to rewrite (1.1) as a Euclidean
path integral over 4-geometries and matter fields. The evaluation of this integral by
the steepest descent method determines Z(β) and, in particular, gives T = 1/8πM . A
refined version of this approach which emphasizes the role of boundary conditions was
developed in [16, 17, 18, 19]. In the framework of this approach the construction of
the microcanonical partition function within the Lorentzian context was analysed and
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a revised issue of stability for the gravitational ensemble at a given temperature and
given boundary quasilocal characteristics was given.
Although the Euclidean approach allows to obtain the correct value for the black
hole entropy, it does not elucidate the number of questions. Mainly this is a question
of the origin of the thermodynamical partition (1.1) which is assumed to be given for
granted. In other words, it does not specify the physical degrees of freedom inaccessible
for observation for an external observer, their tracing out in the pure quantum state
of the whole gravitational system leading to the loss of information, emergence of
entropy and the density matrix corresponding to (1.1). In particular, the conventional
Euclidean approach to gravitational thermodynamics simply does not leave room for
a black hole interior, for it is located completely outside of the real Euclidean section
of the complex Schwarzschild geometry.
Despite some promising attempts [4, 9, 13, 20, 21, 22], the dynamical (statistical
mechanical) origin of a black hole entropy has not been well understood. According to
the ‘standard’ interpretation, the entropy of a black hole is considered as a logarithm
of the number of distinct ways that the hole might have been made [9, 21]. This
interpretation is not satisfactory. Soon after the black hole formation neither external
nor internal observer can see or affect these states and hence it does not make sense
to interpret them as usual dynamical degrees of freedom which specify the state of
the system at the chosen moment of time. The problem of relation of the black hole
entropy to the loss of information about the initial state of a collapsing body is a part
of very important problem of information loss in the black hole evaporation [23]. We
shall not consider the problem of information loss in the present paper and restrict
ourselves to the problem of dynamical origin of a black hole entropy.
York [13] proposed to identify the dynamical degrees of freedom of a black hole
with its quasi-normal modes. But the entropy of the quasinormal modes excited at a
given moment of time is much smaller SH = AH/(4l2P). In order to obtain the required
large number ’t Hooft [22] proposed a ”brick wall model”. In this approach the entropy
of a black hole is identified with the entropy of a thermal gas located outside a black
hole and supported in equilibrium by a heated wall located at small distance outside
the horizon. The value of the gap parameter in this model is chosen by equating the
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entropy of the gas outside the wall to the entropy of a black hole. The relation of the
”brick wall” model to the results obtained from the first principles remains unclear.
Recently [1, 2] a new approach to the problem of black hole entropy was proposed.
According to this approach the dynamical degrees of freedom of a black hole are identi-
fied with those modes of physical fields which are located inside the horizon and which
cannot be seen by a distant observer. It was shown that the main contribution to
the entropy is given by thermally excited ‘invisible’ modes propagating in the close
vicinity of the horizon. The so defined one-loop entropy of a black hole is formally
divergent and requires a cut-off [26]. This divergence is caused by a sharp boundary
of the invisible region and it arises already in the similar flat spacetime calculations
[29, 30]. The natural cut-off arises because of the quantum fluctuations of the horizon.
A calculation based on a simple estimate of the horizon fluctuations [1, 2] yields a value
of the entropy which is in good agreement with the usually adopted value AH/(4l2P) .
There are two important problems which naturally arise in connection with these
results. 1) How to generalize the calculation of the entropy in order to include the
quantum fluctuations of the horizon in a self-consistent way? 2) How to combine
the developed approach with the calculations of the black hole entropy based on the
Euclidean space approach?
It looks like that it is impossible to solve these problems without developing the
quantum scheme which includes the quantization of the gravitational field. In this
paper we present an approach which might be regarded as an attempt to fill the gaps in
the theoretical foundation of black-hole thermodynamics. It consists of i) the proposal
for the pure quantum state of the black hole, ii) the invariant dynamical criterion
for the separation of its quantum degrees of freedom into observable ones and those
inaccessible for an exterior observer and iii) averaging over the latter variables which
leads to the density matrix of a black hole and the dynamical origin of its entropy. We
also briefly discuss the recently proposed idea [28] that the problem of the entropy is
related to the problem of renormalization of the gravitational constant.
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2. Dynamical Degrees of Freedom of a Black Hole
The object we are interested in is a black hole which arises as a result of the
gravitational collapse. For simplicity we assume that a black hole is non-rotating
and spherically symmetric. Denote by Σ0 a spacelike or null global Cauchy surface
and denote by ∂B the intersection of a surface Σ0 with the event horizon H
+ of the
black hole. The state of our system (a black hole and fields in its vicinity) can be
characterized by giving the values of gravitational and other fields on a chosen surface
Σ0. It is evident that the states of the gravitational and other fields located inside
∂B have no influence on the further evolution of the black hole exterior. For states
of particles and fields which fall into the a black hole from exterior region the energy
E defined by means of the timelike Killing vector ξ is always positive. (For particles
E ≡ −ξµpµ, where pµ is its momentum.) Besides these states inside the black hole
there exist states with negative total energy E < 0. Such states, located inside the
black hole at Σ, will be considered as its internal degrees of freedom [31].
The study of internal degrees of freedom of a black hole is complicated because a
surface Σ crosses the singularity. There exist more convenient approach which greatly
simplifies the consideration. A lone black hole at late time (i.e. long after a black
hole formation) is almost stationary, i.e., its state can be described as the classical
static (Kruskal) metric and small perturbations (fields excitation) propagating on this
background. Analytical continuations of a static black hole solution defines maximally
extended solution which is known as eternal black hole metric. If Σ0 is chosen at late
time one can also trace back in time all the fields excitations present in the vicinity of
Σ0 so that the problem of specifying the states of a black hole can be reformulated as
a problem for an eternal black hole. Technically the latter is much simpler, so that we
use this approach.
The Kruskal metric for eternal black hole reads
ds2 = −32M
3
r
exp
[
−( r
2M
− 1)
]
dUdV + r2dΩ2, (2.1)
UV = (1− r
2M
) exp(
r
2M
− 1) . (2.2)
Denote by Σ a global Cauchy surface defined by the equation U + V = 0. It has
wormhole topologyR×S2. This is a well-known Einstein-Rosen bridge connecting two
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asymptotically flat three-dimensional spaces. The discrete isometry U → −U, V → −V
transforms the surface Σ onto itself, so that one asymptotically flat region (say Σ+)
is mapped onto another (say Σ−). Localized states with E < 0 being traced back in
time in the Kruskal geometry cross Σ−, while states with E > 0 cross Σ+.
A remarkable property of the Kruskal-Schwarzschild metric (2.2) is that it can be
considered as a real Lorentzian-signature section of the complex manifold parametrized
by the real radial r, 0 ≤ r <∞, and complex time z coordinates:
z = τ + it, (2.3)
U = −
(
r
2M
− 1
)1/2
exp
{
1
2
( r
2M
− 1
)
+ i
z − 2πM
4M
}
, (2.4)
V =
(
r
2M
− 1
)1/2
exp
{
1
2
( r
2M
− 1
)
− i z − 2πM
4M
}
. (2.5)
Sectors R+ and R− of the Kruskal metric are generated by the following segments in
the complex plane of z
R+ : z = 2πM + it, −∞ < t <∞,
R− : z = −2πM + it, −∞ < t <∞, (2.6)
and analytically joined by the real Euclidean section E
E : z = τ, −2πM ≤ τ ≤ 2πM. (2.7)
Here t is a usual time-like Killing coordinate in the Schwarzschild metric, while τ is its
Euclidean analogue playing the role of the angular coordinate in the Gibbons-Hawking
black hole instanton periodic with the period β = 8πM :
ds2E =
(
1− 2M
r
)
dτ 2 +
(
1− 2M
r
)−1
dr2 + r2dΩ2. (2.8)
The Euclidean section (2.7) represents a half-period part of this instanton, the bound-
ary Σ+∪Σ− of which at τ± = ±2πM represents the Einstein-Rosen bridge of the above
type. At this boundary the Euclidean section analytically matches with the Lorentzian
sectors R+ and R− on the Penrose diagram of the Kruskal metric.
To determine the propagation of small perturbations on the background of an eter-
nal black hole one must specify initial data at Σ0. It is evident that the data at Σ−
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(the part of Σ0 lying inside the black hole) do not influence the black hole exterior.
That is why these data can be identified with internal degrees of freedom of a black
hole. The gravitational perturbations can be dealt with in the same manner. Our main
idea can be described as follows. Fix a three-dimensional manifold with a wormhole
topology R × S2 and consider any three-dimensional metrics on it which posses two
asymptotically flat regions. Consider also configuration of matter fields on this mani-
fold. This space of 3-geometries and matter fields will be considered as a configuration
space for our problem. We introduce a wave function of a black hole as a functional
on this configuration space. It should be stressed that the metric and fields at the
’internal’ part Σ− of space are to be considered as defining the internal state of a black
hole and hence they will be identified with its internal degrees of freedom.
Our proposal for the quantum state of a black hole is a ”no-boundary” wavefunction
of 3-geometry and matter fields on such a surface Σ = R×S2 given by the Euclidean
path integral of Hartle and Hawking over 4-geometries and spacetime matter-field
configurations bounded by Σ and 4-dimensional asymptotically flat and empty infinity.
Obviously, the above picture is only an illustration of the general method we shall
propose here. In the full quantum gravity incorporating the coupling of matter with the
gravitational field (what is usually called a self-consistent back reaction of quantized
matter on semiclassical background) many features of the Schwarzschild solution do
not persist. There is no Killing symmetries, the very notion of the bifurcation surface
of the Killing horizon separating physical variables into observable and unobservable
ones does not exist and should be dynamically determined on the ground of some
invariant criterion. In this paper we propose such a criterion which allows one to
formulate the notion of the black hole horizon subject to quantum vibration ( the
horizon zitterbewegung ) and to calculate its quantum dispersion. The latter quantity
is very important in gravitational thermodynamics [13], for it, apparently, provides a
self-consistent high energy cutoff for the one-loop entropy [1, 2].
It should be emphasized that the quantum state of the black hole we advocate here
is merely a proposal, and we must verify its validity by comparing its consequences
with the known properties of the conventional gravitational thermodynamics. For this
purpose we first show that, semiclassically, this state generates the black-hole Hartle-
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Hawking vacuum [32] for the particle excitations of all spins (including graviton) and
produces by the procedure of the above type the thermal density matrix with the
temperature T = 1/8πM . We then estimate the dominant contribution to the one-
loop entropy of the black hole, which proves to be divergent in the vicinity of the horizon
. This means that one-loop effects must necessarily be included in the consideration of
the self-consistent gravitational thermodynamics.
3. No-boundary wavefunction of a black hole
The no-boundary wavefunction was first proposed by Hartle and Hawking [33, 34]
in the context of quantum cosmology as a path integral
Ψ(3g(x), ϕ(x)) =
∫
D 4g Dφe
−I[ 4g,φ ]
(3.1)
of the exponentiated gravitational action I[ 4g,φ ] over Euclidean 4-geometries and
matter-field configurations on a compact spacetime M with a boundary ∂M . The
integration variables are subject to the conditions (3g(x), ϕ(x)), x ∈ ∂M , – the col-
lection of 3-geometry and boundary matter fields on ∂M , which are just the argument
of the wavefunction (3.1).
This construction was also applied in the asymptotically-flat case [35] whenM rep-
resents a noncompact 4-dimensional half-space whose boundary consists of two com-
ponents, ∂M = R3
⋃
∂M∞: infinite 3-dimensional hyperplane R3 carrying the field
argument of the wavefunction and the 4-dimensional asymptotically-flat and empty
infinity ∂M∞. The latter is a singular component of the spacetime boundary and its
boundary conditions are in certain sense trivial and do not enter the argument of the
wavefunction.
We propose the quantum state of a black hole which is a modification of this
asymptotically-flat no-boundary wavefunction of Hartle. It is given by eq.(3.1) where
the total boundary
∂M = Σ ∪ ∂M∞ (3.2)
has instead of the hyperplane above the hypersurface with the topology of the Einstein-
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Rosen bridge
Σ = R× S2 (3.3)
connecting two asymptotically flat 3-dimensional spaces.
The construction (3.1) - (3.3) forms a topological part of the definition for the no-
boundary wavefunction. Apart from that the expression (3.1) signifies nothing unless
we specify the meaning of the integration measure 4g,φ . We also need to determine
the physical inner product with respect to which one can calculate the expectation
values and matrix elements for a given wavefunction. In the context of the Lorentzian
spacetime the problems have a solution which is based on the quantization of true
physical variables [36, 37, 38] and can be constructively realized at least within the
semiclassical loop expansion [39]. This quantization leads to the standard Faddeev-
Popov integration measure [40] in the functional integral (3.1) and to its analogue in
the physical inner product for the wavefunction Ψ(3g(x), ϕ(x)) in the representation
of local spatial 3-metric tensor and matter fields. The measure in this physical inner
product is nontrivial. It is roughly the Faddeev-Popov measure in the configuration
space of fields taken on a single spatial surface of the spacetime. The measure in-
corporates the gauge fixing procedure and effectively restricts the integration to the
subset of true configuration-space coordinates among the dynamically redundant set
(3g(x), ϕ(x)) [38, 39]:
3g(x), ϕ(x)→ ϕ = ( gT (x), ϕ(x) ). (3.4)
The geometrical content of the local gravitational variables can be very different de-
pending on the choice of gauge and generally represents certain two dynamically inde-
pendent degrees of freedom gT (x) per spatial point. They originate from solving the
gravitational constraints and imposed gauge conditions for the original gravitational
phase-space variables 3g(x), 3p(x) in terms of gT (x) and physical conjugated momenta
pT (x)
1.
1Complicated gauge conditions can generally mix the original gravitational variables with matter
ones, but here we disregard this possibility and consider only the case of (3.4) when the gravitational
physical degrees of freedom are disentangled from the gravitational sector of the theory. Still, in view
of this fact, we use the neutral symbol ϕ to denote the full set of physical configuration coordinates
without emphasizing their metric or matter content.
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The wavefunction can be constructed directly in the representation of physical
variables (3.4), Ψ(ϕ). In this representation the physical inner product has a trivial
form
<Ψ1 |Ψ2>=
∫
dϕΨ∗1 (ϕ) Ψ2(ϕ), (3.5)
that provides the unitary dynamics of Ψ(ϕ) = Ψ(ϕ, t) with the physical Hamiltonian
whose functional form arises from the ADM reduction (3.4) 2. For this reason, we
shall formulate our proposal (3.1) - (3.3) for the wavefunction of a black hole in the
representation of physical variables 3. In this representation the wave function of a black
hole is given by the path integral of the form (3.1), but with the physical configuration
coordinates (3.4) fixed at ∂M instead of the 3-metric components of the dynamically
redundant set (3g(x), ϕ(x))
Ψ(ϕ) =
∫
φ|Σ = ϕ
Dφ e
−I[φ ]
. (3.6)
Here the integration goes over those spacetime histories of physical ADM fields φ =
φ(x) that generate the Euclidean 4-geometries asymptotically flat at the infinity ∂M∞
of spacetime and match ϕ on its ”dynamically active” boundary (3.3). I[φ ] is the
Lagrangian gravitational action in terms of these fields. The integration measure Dφ
involves the local functional measure [42] the structure of which is not very important
for our purposes.
As it was mentioned above, the nature of physical degrees of freedom depends on
the choice of gauge in the ADM reduction procedure. To effectively operate with the
physical wavefunction, we have to fix this gauge and perform the reduction (3.4). Here
we use a York gauge [43] which consists of the condition
tr 3p(x) ≡ gab(x) pab(x) = 0, (3.7)
selecting a spacetime foliation by minimal surfaces (of vanishing mean extrinsic curva-
ture trK(x) = 0), and some other three conditions fixing the coordinatization of these
2The unitary map between the Dirac-Wheeler-DeWitt wavefunctions Ψ(3g(x), ϕ(x)) and wave-
functions of true physical variables Ψ(ϕ, t) is discussed in much detail in [39] both at the level of the
path integral and operatorial quantizations.
3In the cosmological context the no-boundary wavefunction in such a representation was considered
in [41] and also constructed as a unifying link between the Lorentzian and Euclidean quantum gravity
theories in [42].
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surfaces. A distinguished nature of this gauge consists in the fact that, in contrast to
a majority of other gauges, it does not suffer from the problem of Gribov copies inval-
idating the physical reduction when the latter is considered globally in phase space of
the theory 4. This property of the York gauge follows from a strong theorem of [44]
on the uniqueness of a solution of the Lichnerowicz equation for the conformal factor
in the conformal decomposition of a 3-metric [43], provided positive-energy condition
holds for matter fields.
As known [43, 45], the physical degrees of freedom in the York gauge can be repre-
sented by the two variables characterizing the conformally-invariant part of the 3-metric
tildegab(x) (in some gauge fixing of the 3-dimensional spatial diffeomorphisms) and the
conjugated transverse traceless momenta tildepab(x), while the conformal mode Φ(x)
of the full 3-metric
gab(x) = Φ
4(x) g˜ab(x) (3.8)
follows from the solution of the Lichnerowicz equation which is just the Hamiltonian
gravitational constraint rewritten in the conformal decomposition of the above type
(∆˜− 1
8
3R˜) Φ +
1
8
CΦ−7 + 2π T˜ ∗∗ Φ
−3 = 0, (3.9)
C ≡ p˜ab p˜ab/g˜. (3.10)
Here T˜ ∗⋆ = Φ
−8T ∗∗ is a conformally rescaled energy – Hamiltonian density – of matter
fields and tilde denotes the quantities calculated in the conformal metric g˜ab
5. In the
linearized approximation the physical gravitational variables in the York gauge are the
transverse-traceless part of the linear excitations hab and their conjugated transverse-
traceless momenta 6.
(gT , pT ) = (h
T
ab, p
ab
T ), (3.11)
4This property actually poses a dilemma of York gauges versus the third quantization of gravity,
a strong motivation for the latter being rooted in the problem of Gribov copies problem in quantum
gravity theory (see a discussion in [39]).
5In the geometrically invariant language, the physical content of g˜ab can be described by the
conformally invariant transverse-traceless tensor of York βab [43].
6We assume that, without loosing the generality, the spatial gauge conditions fixing the coordina-
tization of metrically perturbed Σ can be chosen as transversality of hab. The variables (h
T
ab
, pab
T
) are
conformally related to their tilded conformally-invariant analogues the transversality and tracelessness
of which holds with respect to g˜ab.
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In a semiclassical approximation the wave function of a black hole
Ψ(ϕ) = P e
−I[φ(ϕ) ]
(3.12)
is dominated by the classical action at the extremal of equations of motion φ(ϕ) subject
to boundary conditions ϕ on Σ. It also includes the preexponential factor P accumu-
lating the result of integration over quantum field deviations from the extremal. The
physical variables ϕ given by eqs.(3.4) and (3.11) are treated by perturbations and the
Euclidean action I[φ(ϕ) ] is to be expanded in powers of ϕ. To obtain the lowest-order
term I[φ(0) ], notice that the boundary 3-geometry on Σ (3.8) has, in virtue of (3.9) a
conformal factor satisfying the homogeneous conformally-invariant equation in three di-
mensions. As shown in Appendix A, it gives for asymptotically flat boundary conditions
exactly the spherically symmetric metric of the Einstein-Rosen bridge, characterized
by a single constant – the mass M of the black hole. The extremal of the Euclidean
vacuum Einstein equations φ(0) satisfies asymptotically flat boundary conditions at
∂M∞. The corresponding solution is just one half of the Schwarzschild gravitational
instanton of mass M with the four-dimensional metric (2.8) for −2πM ≤ τ ≤ 2πM .
The classical action on this half of instanton reduces to the contribution of the surface
term at ∂M∞ of the classical Einstein gravitational action
I[φ(0) ] =
1
8π
∫
∂M∞
K
√
hd3x = 2πM2. (3.13)
The expansion of I[φ(ϕ) ] in powers of ϕ on the background of φ(0) shows that the
linear-order term vanishes due to the equations of motion for the background and the
vanishing of the extrinsic curvature of Σ (the latter property guarantees the absence of
the surface terms). Therefore the leading contribution to the semiclassical wavefunction
(3.12) takes the form
Ψ(ϕ,M) = P e
−2πM2− I2[φ(ϕ) ]
, (3.14)
where I2[φ(ϕ) ] is a quadratic term of the action in the linearized physical fields (3.4)
and (3.11).
Thus, our no-boundary wavefunction of a black hole turns out to be a functional of
the local gravitational and matter degrees of freedom ϕ(x), parametrized by a global
12
variable – the gravitational mass of the Einstein-Rosen bridge M . Obviously, if we
include M into the configuration space of the black hole, the dependence of the wave-
function on it will describe the probability distribution of black holes with different
masses in this quantum state. A naive inclusion ofM into the ADM phase space of the
theory in the York gauge does not seem to be fully consistent. However, it was recently
performed in more general context by K.Kuchar [46] who persuasively advocated that
M has a conjugated momentum PM , so that (M,PM) can be a subject to standard
canonical quantization and incorporate as their quantum state an arbitrary function of
the black-hole mass M . Thus, the proposed M-dependent no-boundary wavefunction
can be regarded as a first example of such a quantum state of a black hole (or, more
precisely, of the quantum Einstein-Rosen bridge) 7. In what follows, however, we shall
consider M as an external parameter not entering the argument of the wavefunction
and, correspondingly, excluded from the phase space and the Hilbert space of the the-
ory. Therefore, up to M-dependent normalization, the semiclassical wavefunction of
the black hole will be dominated by its exp (−I2[φ(ϕ) ]) part, describing the dynam-
ics of local degrees of freedom. In the next section we show that it represents their
Hartle-Hawking vacuum on the background of the Kruskal-Schwarzschild geometry.
4. Hartle-Hawking vacuum state
We demonstrate now the calculation of (3.14) and its vacuum properties on a
simple example of a scalar field φ (x) = φ (τ,x) with the quadratic action
1
2
∫
d4x g1/2
(
gµν∂µφ ∂ν φ+ ξ R φ
2
)
. (4.1)
The generalization to fields of higher spins in the quadratic approximation is obvious.
This action generates on the Euclidean section (2.7) with the metric (2.8) the linear
7The variables (M,PM ) of Ref.[46] have the nature of angle-action variables in their canonical
action. The variable M plays the role of the positive conserved energy and the ”angle” PM linearly
grows in time with the speed determined by the way the observer anchors the spacetime foliation at
spatial infinity with his physical clock. This means that, strictly speaking, their quantum state can
not be absolutely arbitrary function of M and, in particular, it can generate the discrete spectrum of
masses for the quantum Einstein-Rosen bridge. [8, 48, 49].
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equations of motion
{
−g1/2gττ d
2
dτ 2
− ∂ag1/2gab∂b
}
φ (τ,x) = 0, x = xa, a = 1, 2, 3, (4.2)
which must be solved subject boundary conditions ϕ = ϕ (x) on its boundary Σ to
give the extremal φ∗(ϕ) of eq.(3.14). On the Schwarzschild background with R = 0
the nonminimal interaction does not contribute to the equations. In what follows we
denote the boundary fields on the two asymptotically flat parts of the Einstein-Rosen
bridge Σ± by ϕ±
φ (x)
∣∣∣
Σ±
≡ φ (±β/4,x) = ϕ±(x). (4.3)
With this notation the solution to (4.2) can be written as a decomposition
φ∗(τ,x) =
∑
λ
{
ϕλ,+uλ,−(τ,x) + ϕλ,−uλ,+(τ,x)
}
(4.4)
in the basis functions of this equation
uλ,±(τ,x) =
sinh (β/4∓ τ)ω
sinh (β/2)
RωlmA(x), λ = (ω, l,m,A), (4.5)
containing the set of spatial harmonics RωlmA(x) – eigenfunctions of the following
eigenvalue problem
∂a
(
g1/2gab∂bRωlmA(x)
)
= −gττg1/2ω2RωlmA(x) (4.6)
originating from the separation of variables in (4.2). These eigenfunctions are enumer-
ated by a set of continuous ω > 0 and discrete (l, m,A) labels, among which l and
m are the usual quantum numbers of spherical harmonics and the label A = 1, 2 is
responsible for two possible directions of propagation along the radial coordinate. As
shown in Appendix B, these spatial harmonics can be chosen real. They are required
to be regular at the horizon r = 2M and the spatial infinity, have a positive definite
spectrum ω2 > 0 and satisfy the orthonormality and completeness conditions
∫
d3x gττg1/2Rλ(x)Rλ′(x) = δλλ′ , (4.7)
∑
λ
Rλ(x)Rλ(x
′) =
δ(x− x′)
gττg1/2
. (4.8)
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Here, as in (4.5), we use a condensed notation λ for the full collection of quantum
numbers, the summation over which implies the following measure
∑
λ
(...) ≡
∫ ∞
0
dω
∑
l,m,A
(...), δλλ′ ≡ δ(ω − ω′) δll′δmm′δAA′ (4.9)
In view of these relations the coefficients ϕλ,± in (4.4) are just the decomposition
coefficients of the fields (4.3) in the basis of spatial harmonics
ϕ±(x) =
∑
λ
ϕλ,±Rλ(x). (4.10)
Substituting (4.4) into (4.1), integrating by parts with respect to Euclidean time
and taking into account the equations of motion (4.2), one finds that the Euclidean
action reduces to the following quadratic form in ϕλ,± (cf. a similar derivation in [52]):
I2(ϕ+, ϕ−) =
1
2
∑
λ
{
ωλ cosh(β ωλ/2)
sinh(β ωλ/2)
(ϕ2λ,+ + ϕ
2
λ,−)−
2ωλ
sinh(β ωλ/2)
ϕλ,+ϕλ,−
}
(4.11)
that can be diagonalized by the following reparametrization to new variables fλ,±
ϕ± =
f+ ± f−√
2
, (4.12)
I2(ϕ+, ϕ−) = I¯2(f+, f−) =
1
2
∑
λ
ωλ
{
tanh(β ωλ/4) f
2
λ,+ +
1
tanh(β ωλ/4)
f 2λ,−
}
. (4.13)
The wavefunction (3.14) rewritten in the new representation (4.12) is a gaussian
state which is obviously a vacuum
Ψ (ϕ+, ϕ−) = Ψ¯(f+, f−) = P e
−I2(f+, f−)
, (4.14)
a˜± Ψ¯ (f+, f−) = 0, (4.15)
of the following creation-annihilation operators (we omit for brevity the label λ in the
definition of a˜± below as well as in ω = ωλ):
a˜+ =
1√
2
[ (
ω tanh
βω
4
)−1/2 ∂
∂f+
+
(
ω tanh
βω
4
)1/2
f+
]
, (4.16)
a˜†+ =
1√
2
[
−
(
ω tanh
βω
4
)−1/2 ∂
∂f+
+
(
ω tanh
βω
4
)1/2
f+
]
,
a˜− =
1√
2
[ ( 1
ω
tanh
βω
4
)1/2 ∂
∂f−
+
( 1
ω
tanh
βω
4
)−1/2
f−
]
, (4.17)
a˜†− =
1√
2
[
−
( 1
ω
tanh
βω
4
)1/2 ∂
∂f−
+
( 1
ω
tanh
βω
4
)−1/2
f−
]
,
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subject to standard commutation relations
[
a˜λ,±, a˜
†
λ′±
]
= δλλ′ (4.18)
(all the other commutators are vanishing). For our purposes another choice of creation-
annihilation operators is more useful, differing from (4.16)-(4.17) by the linear trans-
formation not mixing the positive and negative frequencies
aλ,± =
a˜λ,+ ± a˜λ,−√
2
, aλ,±Ψ¯ (f+, f−) = 0. (4.19)
To give a particle interpretation for the obtained vacuum state we must construct
the propagating physical modes corresponding to aλ,±. For this purpose consider the
Σ± parts of Σ as the initial Cauchy surfaces in the right (R+) and left (R−) wedges of
the Lorentzian Kruskal-Schwarzschild spacetime. In these two causally disconnected
regions lying to the future of Σ± one can construct two scalar field theories with the
Lagrangians – the Lorentzian versions of (4.1)
L± =
∫
Σ±
d3xL (φ, ∂φ) = 1
2
∑
λ
(ϕ˙2λ,± − ω2λϕ2λ,±), (4.20)
which take such a form provided the corresponding spacetime fields evolving corre-
spondingly in R+ and R− are decomposed in spatial harmonics with time-dependent
coefficients ϕλ,±(t), ϕ˙λ,± ≡ dϕλ,±(t)/dt. At the quantum level, in the coordinate rep-
resentation of ϕλ,± the creation-annihilation operators bλ,± of these two theories as-
sociated with positive-negative frequency decomposition in the Killing time t look as
follows
√
2 bλ,± =
1√
ω
∂
∂ϕλ,±
+
√
ω ϕλ,±, (4.21)
√
2 b†λ,± = −
1√
ω
∂
∂ϕλ,±
+
√
ω ϕλ,± (4.22)
and correspond to the following choice of positive-frequency basis functions
wλ,+(x)
∣∣∣
R+
= e−iωλtRλ(x), wλ,+(x)
∣∣∣
R−
= 0 (4.23)
wλ,−(x)
∣∣∣
R−
= e iωλtRλ(x), wλ,−(x)
∣∣∣
R+
= 0 (4.24)
(one should remember that the Schwarzschild Killing time coordinate is past pointing
in R− and w± by construction have zero initial data on Σ∓).
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This is a matter of a simple algebra, using the reparametrization (4.12), to show that
the operators (4.21) are related to (4.19) by a nontrivial Bogolyubov transformation
which mixes the positive and negative frequencies
b± =
(
2 sinh
βω
2
)−1/2 [
e βω/4a± + e
−βω/4a†∓
]
(4.25)
and generates, in terms of w±, the basis functions vλ,±(x) associated with the creation
annihilation operators aλ,± of our vacuum quantum state (4.19)
v± =
(
2 sinh
βω
2
)−1/2 [
e βω/4w± + e
−βω/4w∗∓
]
. (4.26)
This is a well-known transformation relating the Killing vacua, (bλ,±, wλ,±(x)), in the
right (R+) and left (R−) wedges of the Kruskal diagram to the Hartle-Hawking vacuum,
(aλ,±, vλ,±(x)), of quantum fields on the maximally extended black hole spacetime [54]
8. The latter is defined by the condition that its basis functions vλ,±(x) contain only
positive frequencies with respect to affine parameter on both horizons of the black
hole metric. This property follows from eqs.(4.23)-(4.24), (4.26) and the asymptotic
behaviors of wλ,±(x)) at the horizon (see Appendix B)
w+(x)
∣∣∣
R+
=

 C
past(−U) 4Mωi, x→ Hpast+ ,
C future(V )−4Mωi, x→ H future+ ,
(4.27)
w−(x)
∣∣∣
R−
=

 (C
past)∗ (U)−4Mωi, x→ H future− ,
(C future)∗ (−V )4Mωi, x→ Hpast− ,
, (4.28)
where Cpast and C future are some complex coefficients andHpast± and H future± are past and
future horizons of the ± wedges of the Kruskal diagram. Substituting these behaviors
into (4.26) one finds
v+(x)
∣∣∣
Hpast+ ∪H future− = C
past
(
2 sinh
βω
2
)−1/2 [
θ(−U) e 2πMω(−U) 4Mωi
+ θ(U) e−2πMωU 4Mωi
]
(4.29)
which is a basis function with the needed positive frequency behavior matching with
the analyticity in the lower half of the complex U -plane [54]. The same proof holds for
another horizon of the Kruskal diagram.
8The doubled set of field modes in Schwarzschild-Kruskal spacetime and their thermofield nature
[50] was noticed by W.Israel [51], this observation being further developped within the context of the
Euclidean path integral in [52] (see also [53]).
17
As it was mentioned above, similar considerations apply to fields of all possible
spins. Thus, the proposed no-boundary wavefunction of a black hole represents the
Hartle-Hawking vacuum state of linearized field excitations of all physical fields.
5. One-Loop Contribution to Entropy of a Black
Hole
Now we return to the problem of a black hole entropy. According to the above
procedure of separating the physical variables into observable and unobservable ones,
the proposed wave generates the density matrix of a black hole interior as a functional
trace Tr+ over the values of the field ϕ+(x) outside the horizon
ρ(ϕ′−, ϕ−) = Tr+ |Ψ >< Ψ| ≡
∫
Dϕ+Ψ
∗(ϕ′−, ϕ+) Ψ(ϕ−, ϕ+). (5.1)
It gives rise to the entropy of the black hole
S = −Tr [ ρˆ ln ρˆ ] = −
∫
Dϕ〈ϕ(x) | ρˆ ln ρˆ | ϕ(x)〉. (5.2)
Up to normalization, the wavefunction defined by the path integral over physical de-
grees of freedom (3.6) in the τ -foliation of the Euclidean spacetime, −β/4 < τ < β/4,
actually represents the heat kernel or the matrix element between the configurations
ϕ− and ϕ+ of the Euclidean ”evolution” operator exp(−βHˆ/2)
Ψ(ϕ−, ϕ+) = exp
(
Γ
2
)
< ϕ− | exp (−β
2
Hˆ) | ϕ+ >
∣∣∣
β=8πM
, (5.3)
where Hˆ is a physical Hamiltonian of the system. In the full nonperturbative treatment
of the problem this Hamiltonian is a complicated functional of physical degrees of
freedom, numerically coinciding with the ADM surface integral, while in the linearized
approximation (relevant to the one-loop order of semiclassical expansion) it is just
an additive sum of quadratic Hamiltonians of fields of all spins on the Schwarzschild-
Kruskal background. In particular, for a scalar field, we shall consider here, it is the
following expression generated by the Lagrangian (4.1)
H(π, ϕ) =
1
2
∫
d3x
[
1
gττg
1
2
π2 + g
1
2
[
gab∂aϕ∂bϕ+ ξRφ
2
]]
. (5.4)
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Using the composition law,
∫
dϕ+ |ϕ+ >< ϕ+| = 1ˆ, we obtain from (5.3) the following
representation for the density matrix
ρ(ϕ′−, ϕ−) = exp (Γ) < ϕ
′
− | exp (−8πM Hˆ) | ϕ− >, (5.5)
where Γ is defined from the normalization conditions
Tr−ρˆ =
∫
Dϕ− ρ(ϕ−, ϕ−) = 1. (5.6)
In addition to the density matrix ρˆ it is convenient also to define a more general object
ρˆβ which depends on the arbitrary parameter β independent of the black hole mass
ρˆ = ρˆβ
∣∣∣
β=8πM
, (5.7)
ρβ(ϕ
′
−, ϕ−) =< ϕ
′
− | ρˆβ | ϕ− >= exp (Γβ) < ϕ′− | exp (−βHˆ) | ϕ− > .
In the one-loop approximation we have
< ϕ′− | exp (−βHˆ) | ϕ− >=
[
det
1
2π
∂2I(ϕ′−, ϕ−)
∂ϕ′−∂ϕ−
]1/2
exp [−I(ϕ′−, ϕ−)], (5.8)
where the Euclidean Hamilton-Jacobi function I(ϕ′−, ϕ−) is given by the equation (4.11)
which in the coordinate representation of a scalar field gives rise to the following kernel
of the Van Vleck - Morette functional matrix
∂2I(ϕ′−, ϕ−)
∂ϕ′−(x)∂ϕ−(y)
= gττg
1
2
ωˆ
sinh βωˆ
δ(x− y) (5.9)
with the operator of frequency ωˆ defined on a spatial 3-dimensional hypersurface as
ωˆ =
[
− 1
gττg
1
2
∂ag
1
2gab∂b +
1
gττ
ξR
]1
2
; a, b, ... = 1, 2, 3, (5.10)
g ≡ det gµν = gττ det gab; µ, ν, ... = 0, 1, 2, 3. (5.11)
The normalization factor of eq.(5.8) is, therefore, given by the following functional
determinant on the space of functions of three spatial coordinates
Γβ = − ln
[∫
Dϕ− < ϕ− | exp (−βHˆ) | ϕ− >
]
(5.12)
= −1
2
ln det
[
1
2(cosh βωˆ − 1)δ(x− y)
]
. (5.13)
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It is worth emphasizing that all the quantities and operators entering the WKB
approximation of the wave function and density matrix depend on a 3-geometry of
space and values of fields on it. The whole information about 4-dimensional manifold
is contained in the interval β of Euclidean time between the points with the same
spatial coordinates xof spacelike slices Σ+ and Σ−. In the case of the Schwarzschild
black hole β = 8πM .
The density matrix ρˆβ satisfies the equation
∂ρˆβ
∂β
= (
∂Γβ
∂β
− Hˆ)ρˆβ . (5.14)
Using this relation one can easily show that the entropy of the system in question can
be obtained from the effective action Γβ
S = Sβ
∣∣∣
β=8πM
, (5.15)
Sβ ≡ −Tr[ ρˆβ ln ρˆβ ] = −Tr[ (Γβ − βHˆ)ρˆβ ] = β∂Γβ
∂β
− Γβ. (5.16)
Note that it would be incorrect to differentiate directly Γ over M in order to obtain
the entropy S, since the total effective action is an integral over the whole space and
depends also on its geometry. The Hawking temperature TBH = 1/8πM depends both
on the space-geometry and on gττ of the four-dimensional metric and hence operations
of differentiation over M and integration over volume do not commute in general case.
In order to avoid this difficulty we introduced the generalized density matrix ρˆβ .
In order to calculate Tr ln entering the expression for the effective action, it is
convenient to expand all the functions ϕ(x) in terms of eigenfunctions Rλ(x) of the
operator ωˆ
ϕ(x) =
∑
λ
ϕλRλ(x), ωˆ
2Rλ(x) = ω
2
λRλ(x), (5.17)
δ(x− y) =∑
λ
gττg
1
2Rλ(x)Rλ(y), (5.18)
Here
∑
λ denotes the sum over all quantum numbers λ. Substitution of the expansion
of δ-function in terms of eigenfunctions of the operator ωˆ gives
Sβ =
∫
dx
(
β
∂
∂β
− 1
)[
ln (2 sinh
β
2
ωˆx)δ(x− y)
]
y=x
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=
∫
dx
[
β
2
ωˆy coth
β
2
ωˆy − ln (2 sinh β
2
ωˆy)
]
×
∑
λ
(
gττ(x)g
1
2 (x)Rλ(x)Rλ(y)
)
y=x
=
∫
dxgττg
1
2
∑
λ
Rλ(x)
2
[
β
2
ωλ coth
β
2
ωλ − ln (2 sinh β
2
ωλ)
]
.
Thus we have
Sβ =
∫
dx
∑
λ
µλ(x)s(βωλ), (5.19)
Here
s(βω) =
βω
eβω − 1 − ln(1− e
−βω) (5.20)
is a well known expression for the entropy of single oscillator with the frequency ω at
temperature T = 1/β and
µλ(x) = g
ττg
1
2Rλ(x)
2 (5.21)
is a phase space density of quantum modes. In order to estimate the contribution of
regions of space in the vicinity of the horizon into the entropy of black hole we should
find an asymptotic solution for the mode functions Rλ(x) near the horizon. Eigen
functions Rλ(x) for a massless scalar field in the Schwarzschild spacetimeare of the
form
Rλ(r,Ω) = Rωl(r)Y
l
m(Ω). (5.22)
Here Y lm(Ω) =
1√
2π
eimϕPml (cos θ) are spherical functions and radial functions Rωl(r)
are real and obey the equation[
d
dr
(r2 − 2Mr) d
dr
− l(l + 1) + ω2 r
3
r − 2M
]
Rωl(r) = 0. (5.23)
The expression for an entropy of such a system takes the form
S =
∫ ∞
2M
drr2(1− 2M
r
)−1
∫ ∞
0
dω
∞∑
l=0
(2l + 1)Rωl(r)
2s(8πMω). (5.24)
Regular near the horizon solutions of this equation are normalized by the condition∫ ∞
2M
drr2(1− 2M
r
)−1Rωl(r)Rω′l(r) = δ(ω − ω′). (5.25)
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The entropy of an oscillator with frequency ω exponentially decreases for frequencies
much larger than the black hole temperature T = 1/8πM . In the vicinity of the horizon
| ξ − 1 |≪ 1 a regular solution for radial modes takes a simple form
Rωl(r) ≃ A(M,ω, l)Ki4Mω
(√
2l(l + 1)(
r
M
− 2)
)
. (5.26)
The normalization factor A(M,ω, l) depends on the coefficient of penetration of modes
through the potential barrier. All the modes in the range of frequencies in question
and with angular quantum numbers l ≥ 3 are trapped. For such modes the penetration
coefficient is exponentially small and normalization factor does not depend on l . The
larger l the closer to the horizon a return point lies and the better approximation
becomes. The evaluation of normalization factor gives
A(M,ω, l) ≃
[
2ω sinh 4πMω
Mπ2
] 1
2
, (5.27)
where the relation
∫ ∞
0
dy
1
y
Kix(y)Kix′(y) =
π2
2
1
x sinh(πx)
δ(x− x′) (5.28)
was used. We also use the fact that the modified Bessel functions decrease very fast
with increasing of their argument and, hence, with a good accuracy the integration
along radius can be extended to infinity. One can see that the main contribution to
the integral of entropy near the horizon comes from large l. Replacement in Eq.(5.24)
of summation over l by integration leads to the expression
∞∑
l=0
(2l + 1)Rωl(r)
2 ≃ 2
∫ ∞
0
dllRωl(r)
2 =
4ω2
π
M
r − 2M . (5.29)
This asymptotic formula reproduces the result by Candelas and Howard [25] for a
mode summation in Schwarzschild geometry. For evaluation of the integral (5.24) it is
convenient to split the region of integration into two points. In first part 2M ≤ r ≤
r0 = 3M we can use the above described approximation. Namely this contribution
is related to the entropy of a black hole SH . The integration over another region
(r ≤ 3M) formally diverges at r → ∞. This divergence is simply connected with
the fact that we consider black hole in equilibrium with infinite reservoir of thermal
22
radiation. But this equilibrium is unstable. In order to get stable equilibrium one
needs to insert a black hole into a cavity of the size comparable with r ≈ 3M . For such
physical problem the second contribution (related to the entropy of a thermal gas far
from the black hole) becomes negligibly small and we can simply omit this term [1, 2].
That is why we have
SH =
4M
π
∫ r0
2M
dr
r3
(r − 2M)2
∫ ∞
0
dωω2s(8πMω)
≃ 512M
5
π
∫ z0
0
dz
1
z3
∫ ∞
0
dωω2s(8πMω) (5.30)
=
4M2
45
∫ z0
0
dz
1
z3
,
where z0 = r0
√
1− 2M
r0
+M ln[ r0
M
− 1 + r0
M
√
1− 2M
r0
] is a proper distance from the
horizon to the point r0. This result shows that one-loop contribution to the entropy
of black hole SH diverges near the horizon.The expression (5.30) gives the leading
divergent term and reproduces the result by Frolov and Novikov [1, 2]. This divergence
is physical and its origin does not depend on particular properties of quantum fields
surrounding a black hole. The analogous divergence evidently occurs for higher spins.
Hence quantum corrections can never be neglected in description of thermodynamical
properties of black holes. It is worth to emphasize that shifting of a position of the
horizon as a whole due to the back reaction effect of quantum fields on the geometry
of black hole does not remove the divergence. Fluctuations of the horizon are to be
taken into account to provide the necessary cutoff.
6. Entropy and Effective Action
In previous section we used the proposal for a wave function of black hole in the
calculation of an entropy of a scalar field in the vicinity of Schwarzschild black hole.
Only the properties of 3-dimensional space and fields on it were used in the consider-
ation. It would be interesting to compare this result with that of the 4-dimensional
Euclidean action approach. This also allows one to generalize the result of section 5 to
arbitrary static black holes.
Consider 4-dimensional Euclidean effective action Γβ for a conformal scalar field
φ(τ,x) with Hamiltonian Eq.(5.4) on a manifold periodic in Euclidean time with period
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β. Up to a contribution of a local functional measure it can be represented in the form
Γβ = +
1
2
Tr lnF + δ4(0)(. . .) , (6.1)
F = −✷+ 1
6
R . (6.2)
This effective action and the corresponding free energy F β = Γβ/β have ultraviolet
divergences. Note that, though the last term in Eq.(6.1) diverges, it is proportional
to β and hence the free energy does not depend on β and its contribution into en-
tropy vanishes. The same argument remains valid for all ultraviolet divergences in the
effective action. Thus we have
S = β2
∂
∂β
F β = β
2 ∂
∂β
FRenβ . (6.3)
The effective action and thermodynamic potential for scalar fields at finite temperature
in static curved spacetime were calculated by Dowker and Schofield [57]. It was proved
that in the case of the conformal scalar field the effective actions in two conformally
related spaces g¯µν = e
−2ωgµν are related to each other by the equation
∆Γ[g, ω] = ΓRenβ [e
g¯]− ΓRenβ [g] ,
∆Γ[g, ω] = − 1
2880π2
∫ β
0
dτ
∫
g
1
2d3x
[
+3(✷ω)2 − 4ωσωσ✷ω
+ 2(ωσωσ)
2 − 2Rµνωµων + ω
{
RαβγδR
αβγδ − RαβRαβ +✷R
}]
, (6.4)
Γ[g¯] =
1
2
Tr ln F¯ , F¯ = − −✷ +1
6
R¯ , g¯µν = e
−2ωgµν .
The difference ∆Γ[g, ω] for two conformally related theories is proportional to β and
hence does not contribute to the entropy. We apply these relations to the particular
case of an ultrastatic metric g¯ , i.e. when ω ≡ 1
2
ln gττ and ωµ = ∇µω.
For the calculation of an effective action in the ultrastatic space g¯ it is convenient to
apply the heat-kernel technique. In a proper time representation, the effective action
of a scalar field on an ultrastatic 4-dimensional Euclidean manifold
ds¯2 = dτ 2 + dl¯2 , (6.5)
dl¯2 =
1
(1− 2M/r)2dr
2 +
r2
1− 2M/r (dθ
2 + sin2 θdϕ2) ,
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which is periodic in τ with constant period β takes the form
Γ[g¯] ≡ Γ¯β = −1
2
∫ ∞
0
ds
s
TrK¯β(s) . (6.6)
The heat kernel K¯β periodic in τ with a period β is a solution of the problem
∂
∂s
K¯β(s|τ,x; τ ′,x′) = F¯ K¯β(s|τ,x; τ ′,x′) ,
K¯β(s|τ,x; τ ′,x′) = K¯β(s|τ + β,x; τ ′,x′) , (6.7)
K¯β(0|τ,x; τ ′,x′) = δ(τ − τ ′)δ(x− x′) .
It can be obtained by the method of images
K¯β(s|τ,x; τ ′,x′) =
∞∑
n=−∞
(s|τ,x; τ ′ + βn,x′) (6.8)
from the nonperiodic heat kernel K¯ = K¯∞ defined on a complete interval −∞ < τ, τ ′ <
∞. Due to the separation of variables in the operator F¯ = −∂2/∂τ 2 − ∆¯ + 1/6R¯, the
heat kernel K¯ takes the form
K¯(s|τ,x; τ ′,x′) = (4πs)− 12 exp
[
−(τ − τ
′)2
4s
]
3K¯(s|x;x′) , (6.9)
where 3K¯(s|x;x′) is 3-dimensional analogue of the heat kernel corresponding to the
operator −∆¯ + 1/6R¯ . From Eq.(6.8) and Eq.(6.9) we have
K¯β(s|τ,x; τ ′,x′) = θ3
(
−i(τ − τ
′)β
4πs
, exp
[
−β
2
4s
])
K¯(s|τ,x; τ ′,x′) , (6.10)
where θ3 is a Riemann theta function
θ3(0, exp[−b]) =
∞∑
n=−∞
exp[−bn2] . (6.11)
The ”zero-temperature” heat kernel K¯(s|τ,x; τ ′,x′) can be expanded in nonlocal
series in powers of curvatures of a spacetime [58, 55]. To calculate the effective action
we need to know the trace of the heat kernel with coincident points (τ = τ ′, x = x′).
In the notations of [55] it reads
TrK¯β(s|τ,x; τ,x) = θ3
(
0, exp
[
−β
2
4s
])
TrK¯(s|τ,x; τ,x) , (6.12)
25
TrK¯(s|τ,x; τ,x) = 1
(4πs)2
∫ β
0
dτ
∫
d3x
√
g¯
{
1 + sP¯
+ s2
[
R¯µνf1(−s −✷)R¯µν + R¯f2(−s −✷)R¯ (6.13)
+ P¯ f3(−s −✷)R¯ + P¯ f4(−s −✷)P¯
]}
+ O(Curvatures3) ,
where fi(−s −✷) are nonlocal form factors [55] and P¯ = 0 for conformal scalar field.
The first two terms in this expression are local. Nonlocalities appear only in quadratic
and in higher orders in curvature terms.
We apply this formula to the Schwarzschild geometry. Near the horizon the corre-
sponding ultrastatic metric Eq.(6.5) with a good accuracy describes the geometry of
R1 ×H3 space. Where H3 is a space of constant negative curvature
ds2H = dτ
2 + dl2 + (4M)2 sinh2
[
l
4M
]
(dθ2 + sin2 θdϕ2) . (6.14)
The difference between this metric and the metric (6.5)
hµν = g¯
νσ[g¯νσ − gHµσ] = ∆(r)diag(0, 0, 1, 1) (6.15)
∆(r) = 6(r/2M − 1) +O
(
(r/2M − 1)2
)
(6.16)
vanishes at the horizon as ∼ r − 2M . One can show that local invariants constructed
from the tensors of the form ∇α...∇β∇γ...∇δhµν = O(r − 2M) vanish at the horizon
too. That is why all the invariants I¯ constructed from the metric g¯ and curvature R¯
differ from the corresponding invariants IH for the metric gH by terms vanishing at the
horizon I = IH +O(r − 2M).
The heat kernel on spaces of constant negative curvature is known explicitly and
for a conformally invariant scalar field it reads [59]
K¯H(s|τ,x; τ ′,y) = 1
(4πs)2
σ(x, y)
4M sinh [ σ(x, y)/4M ]
exp
[
τ 2 + σ2(x, y)
4s
]√
gH . (6.17)
Here σ(x, y) is the geodesic distance on the H3 space section.
The relation between K and KH for coincident points implies K¯(s|τ,x; τ,x) =
1/(4πs)2 +O(r − 2M) and we have
TrK¯β(s|τ,x; τ,x) = 1
(4πs)2
θ3
(
0, exp
[
−β
2
4s
]) ∫ β
0
dτ
∫
d3x
√
g¯[1 +O(r − 2M)] .(6.18)
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Composition of this expression, Eq.(6.4) and Eq.(6.12) gives for the free energy of a
conformal scalar field the expression
FRenβ − FRen∞ = −
π2
90
∫
dxg
1
2
[
(gττ )
−2 1
β4
−
(
1
2π
)4
(ωσωσ)
2
]
+ . . . , (6.19)
where the integral relation
∫ ∞
0
dxxa−1
[
θ3(0, e
−x)− 1
]
= 2Γ(a)ζ(2a)
for a=2
=
π4
45
(6.20)
has been used and the physical metric gµν has been restored. Dots designate terms
which are less divergent or finite at the horizon. The corresponding entropy
S = β2
∂
∂β
FRenβ = β
2 ∂
∂β
[
FRenβ − FRen∞
]
=
2π2
45
1
β3
∫
dx(gττ )
−2g
1
2 + . . . , (6.21)
calculated for a particular case of Schwarzschild black hole reproduces the result
Eq.(5.30).
It is worth emphasizing that as a result of the restoration of the physical metric
g¯µν = e
−2ωgµν =
1
gττ
gµν ,
√
g¯ = e−4ω
√
g =
1
(gττ )2
√
g , (6.22)
R¯νµ = e
2ω
[
Rνµ + 2ω
;ν
µ +✷ωδ
ν
µ + 2ωµω
ν − 2ωσωσδνµ
]
in the general expansion Eq.(6.12) we get a nonlocal expansion of the effective action in
terms of curvature, ”acceleration” ωµ and their derivatives. One can use this effective
action in order to get < Tµν >
Ren. The action can be written in a completely invariant
form if we substitute gττ = gµνξ
µξν and consider ξµ as external field, which is fixed
during the variations over gµν and is taken to coinside with the Killing vector field after
the variations were performed. An additional (external) vector field ξ in the effective
action for thermal state is required because such a state is possible only in a stationary
spacetime, i.e. the spacetime with additional geometric structure.
7. Conclusions
In conclusion we make some remarks concerning the obtained result. The pro-
posed no-boundary anzatz for a wave function of a black hole appears to be a natural
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approach, which in particular allows one to give a covariant description of its degrees
of freedom. The quantum state of a black hole is characterized by an amplitude of
different realizations of dynamical variables on the Einstein-Rosen bridge. For any
particular realization one can define a Euclidean horizon by means of the following
procedure. Take a two-sphere S from the first non-trivial homotopic class π2 and de-
fine A[S] as the surface area of S. Because S is non-contractable the functional A[S]
has a non-vanishing minimum. The corresponding sphere S0 defines a position of the
Euclidean horizon for a chosen realization. A surface S0 changes from one realization
to another. This dependence of S0 on the realization can be interpreted as quantum
fluctuations of the horizon. The effect of quantum fluctuation (zitterbewegung) of the
horizon is important for the problem of entropy discussed in the paper.
The one-loop calculations of entropy of internal degrees of freedom of a black hole
was shown to be divergent at the horizon. The divergency has a universal law near
the horizon of a black hole for all fields (massless and massive, with and without spin).
The divergences arise because in our one-loop approximation the background geometry
(and hence the position of the Euclidean horizon) is fixed. Quantum fluctuations of
the horizon result in its spreading. Due to spreading we cannot any more to split
the states of quantum fields located inside the region of a fluctuating horizon into the
’visible’ and ’invisible’ ones. In other words for any chosen realization of a quantum
field the splitting of states into internal and external states of a black hole depends
on the realization. Averaging over different realization (which effectively takes into
account the zitterbewegung of the horizon) may produce the required cut-off for the
entropy.
It is expected that the quantum effects with the properly described fluctuations of
the horizon must give the standard expression A/4 for the entropy of a black hole. It is
important that this result must not depend on the number of fields and their properties.
We should emphasize that in the framework of our approach the dynamical degrees of
freedom of a black hole contribute to the entropy only on the one-loop level, while there
is no tree-level contributions. The remarkable fact is that in the standart Euclidean
action approach the ”correct” answer for the entropy (A/4l2P ) is obtained by calculating
the topological tree-level contribution into the Euclidean gravitational action. The
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relation between ”dynamical” and ”topological” contributions to the entropy as well
as the origin of the universality of the expression for the entropy of a black hole is a
real puzzle.
Recently, an elegant proposal [28] has been given for a mechanism maintaining the
exact relation between the black hole entropy and its horizon area on the nonpertur-
bative level of quantum gravitational thermodynamics in the limit of very heavy black
holes. Briefly it looks as follows. Suppose, we have the gravitational effective action of
the theory Γ[ g ], possibly generated by the fundamental theory of (super)strings and ,
therefore, finite. It may have a very general structure about which only one assump-
tion is made: it is supposed to be analytic in the curvature and free from the effective
cosmological term (thus admitting the existence of the asymptotically flat solutions of
effective Einstein equations)
Γ[ g ] =
∞∑
n=1
∫
dx1...dxn Γn(x1, ...xn)R(x1)...R(xn). (7.1)
Here R(x) is a collective notation for the curvature and Ricci tensors and Γn(x1, ...xn)
is a set of (generally nonlocal) form factors accumulating all the information about
the quantum and statistical effects in the theory. Since these form factors represent
the coordinate kernels of some nonlocal operators constructed of derivatives, the only
covariant expression available for Γ1(x) is just the local density
Γ1(x) = − 1
16π2l2eff
g1/2(x) (7.2)
with a purely numerical coefficient which can be identified with the effective (renor-
malized) gravitational constant or Planck length leff (all the covariant derivatives in Γ1
contract to form a total derivative which disappears when integrated over asymptoti-
cally flat spacetime).
According to eq. (5.16) the calculation of entropy involves the effective action Γβ =
Γ[ gβ ] calculated on the conical spacetime with metric gβ having a conical singularity
with β 6= 8πM . On such a manifold the curvature has a form
Rβ(x) = (β − 8πM) f(x) +Rreg(x), (7.3)
where Rreg(x) is a regular part of the curvature bounded by 1/M
2 and, therefore,
negligible for heavy black holesM →∞. The singular part caused by conical structure
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for β 6= 8πM involves the generalized function f(x) which, when regulated, can be even
nonsingular one, but having the compact support in the vicinity of the tip of the cone
(black hole horizon) and satisfying the relation
∫
dx g1/2(x) f(x) = −8πM . (7.4)
Substituting the structure (7.3) into (7.1) and using (5.16) we immediately find that
the entropy is entirely generated by the effective Einstein term of the action, because
the expansion in powers of the curvature becomes the expansion in powers of the angle
deficit (β − 8πM) of the conical manifold:
S =
(
β
∂
∂β
− 1
)
Γβ = β
∫
dxΓ1(x)R(x) =
A
4 l2eff
. (7.5)
The above arguments could have been even generalized to the case of the finite-
mass black hole by noting that in asymptotically flat spacetime the actual expansion
of the effective action can be performed in powers of the Ricci curvature Rµν only
[55, 56], for which Rµν reg(x) ≡ 0 in eq.(7.3). However there is a serious objection to
this mechanism which apparently invalidates this proposal. If it were correct then the
perturbative calculations of entropy would maintain the universal relation between the
entropy and one quarter of the horizon area in units of the effective Planck length, the
quantum corrections to the classical entropy being compensated by the simultaneous
renormalization of this length. But this is definitely not the case for the dominant
divergent contribution (6.21) obtained in the one-loop approximation. Indeed, as it
follows from eq.(6.19), this contribution involves the invariant of the Killing vector field
xiµξµ = gττ . This invariant can be regarded as a restriction of some nonlocal functional
of metric to the manifold with Killing symmetries. Killing field ξµ as a functional of
the metric does not have a unique continuation off the symmetric (Killing) points in
the configuration space of metric, but it is undoubtedly nonlocal and most likely has a
structure of the solution of the Killing equation
✷ξµ +Rµν ξ
ν = 0 (7.6)
as a functional of the metric and boundary conditions ξµ = ξµ[ g, boundary data]. The
boundary data is an inalienable part of the solution of (7.6), and this data is nontrivial
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and nontrivially depends on β. This means, that iteratively solving the equation (7.6)
we can obtain ξµ as a nonlocal expansion in curvatures, but the nontrivial dependence
on β will enter this functional through boundary conditions. Therefore, the dependence
of Γβ on β will be induced not only by the metric argument of Γ[ g ]: Γβ = Γ[ g
β, β ]
(Γn(x1, ...xn) ≡ Γn( β | x1, ...xn)) and the above mechanism will break down, since the
first-order term in (β − 8πM) will no longer be generated by the Einstein term of the
effective action.
Even if this specific mechanism proposed by Susskind does not work, there may be
other solutions of the puzzle. But it looks like practically impossible to explain the
huge entropy of black holes without relating it to the properties of vacuum in a strong
gravitational field of a black hole and without identifying the dynamical degrees of
freedom of a black holes with states of physical fields located inside a black hole.
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A Lichnerowicz equation and the geometry of
Einstein-Rosen bridge
Here we show that the three-geometry of a spatial section on which we define the
no-boundary wavefunction of true physical variables (3.11), (gT , pT ) = (h
T
ab, p
ab
T , matter
variables) coincides with the geometry of the Einstein-Rosen bridge in the lowest order
of the perturbation theory in (gT , pT ). This approximation corresponds to a ground
state of physical excitations (of both matter and gravitational fields) on the spatial
section with the topology (3.3).
Consider three-geometry 3gab and define
β˜ab = ǫaef∇e[
√
3g(3Rbf −
1
4
δbf
3R)]. (A.1)
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York [43] showed that β˜ab gives a pure spin-two representation of intrinsic geometry.
Conditions β˜ab = 0 together with pab = 0 specify the state where no dynamical gravi-
tational perturbations are present. In the absence of matter the Lichnerowicz equation
(3.9) reduces to the equation
3R = 0. (A.2)
Condition β˜ab = 0 implies that the three-metric is conformally flat
dl2 = Φ4dl˜20 = Φ
4(dx2 + dy2 + dz2). (A.3)
The Lichnerowicz equation (A.2) in this case is equivalent to the equation
△Φ = 0 (A.4)
for the conformal factor Φ. A solution which is regular everywhere is constant and
the corresponding geometry is a flat three-dimensional space R3. Non-trivial solutions
have singularities. A solution with one simple pole generates a three-dimensional space
S2 × R1 with the Einstein-Rosen bridge geometry. We choose coordinates so that the
pole is located at the origin of coordinates, then we have
Φ = 1 +
M
2ρ
, (A.5)
where ρ2 = x2 + y2 + z2. For this conformal factor the metric dl2 can be written as
dl2 =
dr2
1− 2M/r + r
2dΩ2, (A.6)
where r ≡ ρ
(
1 + M
2ρ
)2
. A point ρ = ∞ corresponds to spatial infinity of Σ+, while a
point ρ = 0 corresponds to spatial infinity of Σ−, the constantM being the mass (M+ =
M− = M). The important property of the obtained solution describing the state
without excitation is that the corresponding three-metric is spherically-symmetric.
The metric (A.3) with (A.5) can be identically rewritten in the form in which both
spatial infinities are represented in the completely symmetric way. To do this we remind
that the flat metric is conformally related with a metric on a three-sphere S3, so that
we have
dl2 = Φ˜40(dχ
2 + sin2 χdΩ2) =
dr2
1− 2M/r + r
2dΩ2, , (A.7)
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where Φ˜0 is a solution of the conformal invariant equation on the three-sphere
(∆˜− 1
8
3R˜) Φ˜0 = 0, (A.8)
which is of the form Φ˜0 = φ0/ sinχ, with φ0 =M
1/2[sin (χ/2) + cos (χ/2)] .
In the presence of gravitational perturbations and matter the Lichnerowicz equation
(3.9) reads
(∆˜− 1
8
3R˜) Φ˜ = J, (A.9)
where the source J in terms of conformally transformed variables looks as
J = −1
8
(3g˜)−1 3p˜ab 3p˜abΦ
−7 − 2π T˜ ∗∗ Φ−3. (A.10)
Denote by G(x, x′) the Green function defined as the solution of the equation
(∆˜− 1
8
3R˜)G(x, x′) = −3δ(x, x′) . (A.11)
The solution of the equation (A.9) can be presented in the form
Φ˜ = Φ˜0 +
∫
G(x, x′)J(x′)g˜
1
2dx′. (A.12)
The solution Φ˜0 is invariant with respect to the reflection χ → π − χ. In general case
J does not obeyes this property and the solution Φ˜ is not invariant under reflection
and asymptotic values of M+ and M− are different. In order to illustrate this general
property we consider here a simple case when J is spherically symmetric.
We write Φ˜ in the form Φ˜ = φ/ sinχ . The function φ obeys the equation
d2φ
dχ2
+
1
4
φ = j ≡ J sinχ. (A.13)
and has a general solution in terms of the Green function G(χ, χ′):
φ(χ) = φ0(χ) +
∫ π
0
G(χ, χ′)j(χ′)dχ′, (A.14)
G(χ, χ′) = −2 {θ(χ− χ′) sin(χ/2) cos(χ′/2) + θ(χ′ − χ) sin(χ′/2) cos(χ/2)} .(A.15)
The asymptotic masses at two spatial infinities are
M+ = φ
dφ
dχ
∣∣∣∣∣
χ=0
, M− = −φ dφ
dχ
∣∣∣∣∣
χ=π
. (A.16)
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From this expression it follows that
φ(0) =M1/2, φ(π) = M1/2 φ′(0) =M1/2/2− α, φ′(π) = −M1/2/2 + β,
α ≡
∫ π
0
cos(χ′/2)j(χ′)dχ′, β ≡
∫ π
0
sin(χ′/2)j(χ′)dχ′, (A.17)
whence
M+ −M− = 2M1/2(β − α). (A.18)
This relation shows that in the general case the asymmetric distribution of matter on
the Einstein-Rosen bridge results in different masses M+ and M− at two asymptotic
infinities. For a known distribution and fixed M+ the value of M− can be obtained by
solving of the Lichnerowicz equation.
B R-Modes
In this appendix we construct the basis of positive frequency solutions
wλ =
1√
4πω
exp(−iωt)Rωlm(r, ϑ, φ) (B.1)
for the scalar field in the exterior region R+ of the eternal black hole, for which spatial
functions Rωlm are real (R-modes).
By using the separation of variables for the equation ✷ϕ = 0 we write
Rωlm(r, ϑ, φ) = Rωl(r)Yˆlm(ϑ, φ), (B.2)
where
Yˆlm(ϑ, φ) = P
m
l (ϑ)


1√
2π
, m = 0,
1√
π
cosmφ, 0 < m ≤ l;
1√
π
sinmφ, −l ≤ m < 0.
(B.3)
We choose the spherical harmonics Yˆlm to be real so that the R-basis will be constructed
if solutions Rωl(r) of the radial equation (5.23) are chosen to be real. Denote Rˆωl(r) =
rRωl(r) then the radial equation reads
d2Rˆωl
dr∗2
+ (ω2 − Vl)Rˆωl = 0 , (B.4)
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where r∗ = r − 2M + 2M ln [(r − 2M)/2M ], and
Vl =
(
1− 2M
r
)(
l(l + 1)
r2
+
2M
r3
)
. (B.5)
For any two solutions of (B.4) the Wronskian W [f1, f2] ≡ f1( df2dr∗ )− f2( df1dr∗ ) =const .
Functions Rˆωl have the asymptotics exp (±iωr) at r → ∞ and exp (±iωr∗) at
r∗ → −∞. We begin by defining so called UP -modes which are specified (for ω > 0)
by the asymptotics
Rˆupωl (r) =
{
eiωr
∗
+ rωle
−iωr∗ , r∗ → −∞,
tωle
iωr, r →∞. (B.6)
By comparing the Wronskians at r∗ = ±∞ for Rˆupωl and its complex conjugated one
gets the standard relations between reflection and absorption coefficients
|rωl|2 + |tωl|2 = 1. (B.7)
The coefficients of the radial equation are real. That is why Rˆdownωl (r) ≡ ¯ˆR
up
ωl (r) is
again a solution. One has
¯ˆ
R
up
ωl (r) = Rˆ
up
−ωl(r), (B.8)
so that r¯ωl = r−ωl and t¯ωl = t−ωl. The Re- and Im-parts of Rˆ
up
−ωl(r) (for ω > 0) can
be used as real basic solutions. The problem is that the corresponding solutions wλ do
not possess the proper normalization conditions. Namely one has
(wupωlm, w
up
ω′l′m′) = δ(ω − ω′)δll′δmm′ , (B.9)
(wdownωlm , w
down
ω′l′m′) = δ(ω − ω′)δll′δmm′ , (B.10)
(wdownωlm , w
up
ω′l′m′) = rωlδ(ω − ω′)δll′δmm′ . (B.11)
Here
(f1, f2) = −i
∫
(f¯1f2,µ − f¯2f1,µ)dσµ (B.12)
is a scalar product in the space of solutions.
The proper normalization conditions can be satisfied by the following linear trans-
formation of the basic functions
Rˆup
′
ωl = aωlRˆ
up
ωl + bωlRˆ
down
ωl , (B.13)
Rˆdown
′
ωl = b¯ωlRˆ
up
ωl + aωlRˆ
down
ωl , (B.14)
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where
aωl =
√
1 + |tωl|√
2|tωl|
, bωl = − rωl√
2|tωl|
√
1 + |tωl|
. (B.15)
The following functions are real and for ω > 0 form a proper normalized basis
Rˆrealωl1 =
1√
2
(Rˆup
′
ωl + Rˆ
down′
ωl ), (B.16)
Rˆrealωl2 =
1
i
√
2
(Rˆup
′
ωl − Rˆdown
′
ωl ). (B.17)
To summarize we construct the basis {wλ} (ω > 0, A = 1, 2)
wλ =
1√
4πω
exp(−iωt)RrealωlmA(r, ϑ, φ), (B.18)
where RrealωlmA ≡ r−1RˆrealωlA Yˆlm(ϑ, φ) are real functions.
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